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I. INTRODUCTION 

Quantum mechanics is formulated within the math- 
ematical framework of a Hilbert space with linear op- 
erators acting on the elements of a Hilbert space - the 
physical state vectors. Traditionally, the linear opera- 
tors considered are Hermitian operators (in the L 2 or 
Dirac sense of transposition and complex conjugation), if 
they describe quantities called (physical) observables^. 
In fact, the mathematical structure of Hermitian oper- 
ators is well understood in that they guarantee a real 
spectrum. Of equal importance is the complete and or- 
thogonal eigensystem in that it allows an unambiguous 
probability interpretation of an arbitrary state vector: 
the expansion coefficients of such vector in terms of the 
eigensystem are the probability amplitudes for finding 
the associated eigenvalues in a measurement. 

Already in the early days of quantum mechanics the 
possible occurrence of non-Hermitian operators has been 
encountered. It was realised that an open system can 
be described by an effective non-Hermitian Hamiltonian 
where dissipation - complex eigenvalues with negative 
imaginary part - is brought about by a non-Hermitian 
term in the Hamiltonian. But even Hamiltonians that 
appear to be Hermitian naively can turn out to be non- 
Hermitian when boundary conditions are properly taken 
into account. Here we mention the Dirac Hamiltonian 
with the Coulomb potential —Za/r which fails to have 
a unique self-adjoint extension 1 if Za > 1 , or the 
cranked anisotropic oscillator which has singularities as- 
sociated with non-Hermitian properties, if the rotational 
frequency is equal to one of the oscillator frequencies 2 . In 
these and similar cases attempts have always been made 
to relate the onset of the change in mathematical struc- 
ture with a physical effect: the "sparkling of the vacuum" 
in the case of the Dirac equation^ for Za = 1, or the onset 
of an instability for the cranking model 2 - if fl ro t = <^>ho- 
As we see below, a new class of non-Hermitian Hamilto- 



nians has given rise to different speculations, the critical 
review of which forms part of the present paper. 

It has been established that Hamiltonians that are 
symmetric under VT - the product of parity and time 
reversal^ - can have a real spectrum^ even though such 
operators need not be self-adjoint. In a host of papers 
devoted to the subject (see e.g£, as well as this present 
Special Issue, for recent developments) the term pseudo- 
Hermitian operator was coined^, particularly related to 
issues concerning the reality of spectra. A property 
denoted as quasi-Hermitian was investigated in earlier 
workiS where a complete and fully consistent quantum 
mechanical framework, based on non-Hermitian Hamilto- 
nians treated in conjunction with other observables, had 
been established. (In essence this is pseudo-Hermiticity 
restricted to positive definite norms of states, as required 
by the probability interpretation which is central to quan- 
tum mechanics.) 

The present paper revisits the relevant mathematical 
properties of quasi-Hermitian operators and critically dis- 
cusses their possible physical implications. Particular 
emphasis is placed upon the metric associated with non- 
Hermitian operators and the related characterisation of 
the Hilbert space. The metric is introduced in the fol- 
lowing section, with an emphasis on the notion of phys- 
ical observables and their consistent introduction into a 
quantum mechanical framework built on a non-Hermitian 
Hamiltonian. In Sect. IIIII we emphasise that the proba- 
bility interpretation of quantum mechanics breaks down 
if care is not exercised in identifying physical observ- 
ables within the quasi-Hermitian context. We also use 
the proper prescription for calculating transition proba- 
bilities with quasi-Hermitian observables to analyse when 
and why certain transition probabilities will not require 
a unique construction of the metric, while others do. In 
Sect. IIVI we illustrate these points by way of a few sim- 
ple examples. This includes physical implications relat- 
ing to the role of observables and the speculation about 
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the violation of the lower limit for transition times be- 
tween orthogonal states of (Hermitian) observables (the 
"non-Hermitian brachistochrone problem"). A summary 
concludes the paper. 

II. THE METRIC AND OBSERVABLES 

Even though the properties listed below have been 
stated and analysed in the literature&Iii we here give a 
short recapitulation, with somewhat different emphasis, 
to make the paper self-contained. 

While unbounded non-Hermitian operators constitute 
a difficult mathematical problem in general, there is the 
much simpler class that is well understood: the quasi- 
Hermitian operators. A non-Hermitian operator H =/= 
iff is called quasi-Hermitian if there exists a bounded 
Hermitian positive-definite operator O that ensures the 
relation 

6H = H^e. (1) 

The relation implies that H is similarly equivalent to a 
Hermitian operator, in fact the operator 

h s = SHS- 1 (2) 

is Hermitian when S is the positive root of O. The opera- 
tor may be viewed as a metric characterising a different 
Hilbert space by defining the scalar product 

(•|-)e:=(-|e-) (3) 

where (-|-) is the usual scalar product, employing the 
L 2 -metric being the identity. It is easily verified that 
([1]) guarantees that the non-Hermitian H (with respect 
to the inner product (-|-)) is Hermitian with respect to 
(•|-)e- Moreover, in view of ((2]) the spectrum of H is real. 
Note, however, that the eigenvectors \n) obeying H\n) = 
E n \n) are generally not orthogonal with respect to (-|-) . 
There is, however, the bi-orthogonal system using the left 
hand eigenvectors (n\H = (n\E n with (n\m) — N n S nm 
which can be written as (n|0m) = N n S nm . In view of the 
discussion below we stress here the obvious: vectors being 
orthogonal with respect to a L 2 -metric are not orthogo- 
nal when using the 0-metric and vice versa; the structure 
of a Hilbert space, that is the norm and orthogonality of 
its elements as well as the concept of Hermiticity is given 
by the definition of a scalar product. 

The analysis of a quantum system described by a non- 
Hermitian Hamiltonian H usually confronts the construc- 
tion and role of the metric by first focussing on the 
condition ([!} for H . However, it should be emphasised 
that |T]) does not uniquely determine 0. It is simple to 
seei£ that if is an acceptable metric determined by 
condition (1), so is = VQ with V any operator that 
commutes with H. is only uniquely determined when 
condition (1) holds for an irreducible set of operators Ai, 
all of which satisfy OAi — A\Q for the same 0. This also 



determines those operators which may serve as physical 
observables (seei£). 

This observation is not only important to identify ob- 
servables, but by implication also for the characterisa- 
tion or labelling of states in terms of quantum numbers 
associated with observables, as well as for the proper cal- 
culation of transition matrix elements, as we proceed to 
illustrate in the following two sections. 

To conclude this section we point out that the non- 
uniqueness of the metric as determined by a non- 
Hermitian (quasi-Hermitian) Hamiltonian only, leaves 
open the question of the definition (or construction) of 
other observables which may act consistently with it. 
Naturally, once a particular metric conforming to (fT]) 
has been chosen (rather than being dictated by an a pri- 
ori consistent choice of a set of observables), then the 
observables can be obtained by inverse similarity trans- 
formation from standard observables, say ai (such as x 
and p). The operators so obtained, 

Ai = S^atS (4) 

are then by construction quasi-Hermitian w.r.t. the met- 
ric which defines S, and accordingly qualify as observ- 
ables. 



III. PROBABILITY INTERPRETATION AND 
MATRIX ELEMENTS 

As indicated in the previous section, orthogonality 
of the eigenstates of a quasi-Hermitian operator is de- 
fined (and guaranteed) with respect to the inner product 
("|*}e : — ('I©')- Moreover, a given or chosen 0, compati- 
ble with ((T|) , determines an irreducible set of observables 
Ai, and vice versa^. 

It is almost pedantic, but nevertheless important in 
view of some recent discussions in the literatur o 11 ' 12 ! 13 , to 
emphasise the following. A cornerstone of quantum me- 
chanics, the probability interpretation for measurement 
results of a given observable, rests on the orthogonal- 
ity of its eigenstates. It is important to realise, there- 
fore, that if an operator, typically an observable (say 
B) Hermitian with respect to the standard inner prod- 
uct (-|-), is not from the irreducible set Ai determined 
by 0, then any standard calculation and interpretation 
of matrix elements involving eigenstates of B, would be 
meaningless within the context of the quantum mechan- 
ical system described by the non-Hermitian Hamiltonian 
H and observables Ai. This remains so even when B 
has a real spectrum (which of course does not depend on 
the Hilbert space inner product) and eigenstates which 
are orthogonal with respect to (-|-). The reason is sim- 
ply that a consistent calculation of matrix elements (or 
probabilities) within the context requires the use of 
the inner product (-|-)e : = ( - |@ - )- Hence, absurd con- 
clusions result upon using B as though it were a proper 
observable; e.g. denoting the eigenvalue problem for B as 
B\[3 m ) = b m \(3 m ), the probability of finding an eigenvalue 
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b m upon measurement of B in eigenstate \(3 n ) (m 7^ n) 
is (/3 m |0|/3„) which generally 7^ 0. For a recent criti- 
cal analysis of this point see^. (Similar arguments have 
recently also been put forward by Mostafazadehi^.) 

Even when calculations are consistently performed, i.e. 
with due recognition of the metric operative within a 
given context, one may investigate the (in-)dependence 
of physical results on the choice of a metric determined 
by a non-Hermitian Hamiltonian as in |T|), in particular 
from the point of view that is not uniquely determined 
by Q. 

Let us accordingly consider an arbitrary member A 
from the set of observables which has determined 
uniquely. (It is worthwhile to stress that, at least in 
principle, either a given is chosen from among those 
that satisfy condition (1), which in turn uniquely deter- 
mines which operators qualify as observables, or alterna- 
tively, the (non-Hermitian) Hamiltonian is supplemented 
by operators pre-chosen to be observables (and which 
form an irreducible set), which in turn pins down - 
seei£ for a full discussion). Here we simply assume that 
has been fixed and that A is an admissible observable. 
The prescription for calculating the transition probabil- 
ity P nm {A) for the operator A between eigenstates |m) 
and \n) of the Hamiltonian H is unambiguous and yields 
the following: 



Pnm {A) 



|(n|0^|m)| 2 
(n|0|n)(m|0|m) 
{n\QA\m)* (n\QA\m) 

(n|0|n) (m|0|m) 
(m\QA\n) \n\QA\m) 

(n\Q\n)(m\e\m) 



(5) 



Here (n\ is the bra or functional associated with \n) 
through the original L 2 inner product. In the second line 
we have used the fact that is Hermitian (in the original 
sense) and that A satisfies the quasi-Hermiticity relation 
OA = At©. 

Let us assume for the moment that the metric had not 
yet been uniquely fixed, e.g. when a full set of irreducible 
observables has not yet been specified, but with both 
H and A already included. In this case the calculation 
above may be repeated for another admissible metric 0, 
to give 



are no degeneracies in the spectrum), yielding a cancel- 
lation of eigenvalues above and resulting in a transition 
probability which is independent of the metric! 

However, it should immediately be cautioned that this 
is not a general result (see alsoi^) . It depends on (a) the 
absence of degeneracies in the spectrum, and more im- 
portantly (b) on the fact used above that the transition 
probability has been calculated with respect to eigen- 
states of H for an operator A that shares the property of 
quasi-Hermiticity with respect to a common metric (al- 
beit not a unique one). Furthermore, it is clear that for 
general states (not eigenstates of H or another operator 
which shares in the property of quasi-Hermiticity) inter- 
ference terms will appear which explicitly depend on the 
metric. If the metric had been chosen with respect to the 
Hamiltonian only, physical results will in general depend 
on the particular choice. 

Writing the results (4) and (5) in the form 



Pnm {A) 



(m\QA\n)(n\OA\m) 
(ra|e|n)(m|6|m) 

(m|A|n) (n|A|m) 
(n\n) (m\m) 



(7) 



shows that a transition probability between eigenstates 
of H (or of any one of the observables) may be ob- 
tained by explicitly introducing both right and left eigen- 
states; choosing a particular bi-orthonormal normalisa- 
tion (h\m) = (n\Qm) = (n\Q\m) = N n S nm is equivalent 
to introducing a particular (and corresponding) metric 
or inner product. 

The above point seems to have been overlooked from 
time to time in the literature, when the impression is 
given that the metric simply dictates a simultaneous 
transformation of operators and states, with no physical 
implications. It is also closely related to another sim- 
ple, but important observation: when matrix elements 
or transition probabilities are being discussed or explic- 
itly calculated within a quasi- Hermitian framework, the 
characterisation (or labelling) of such states can only be 
meaningfully carried out with reference to a set of oper- 
ators (which should provide relevant quantum numbers) 
which are all observables and hence quasi-Hermitian with 
respect to the same metric. We again illustrate this point 
in section 5. 



= (m\QA\n)(n\QA\m) 

(n\Q\n)(m\Q\m) 
(m\VQA\n){n\VQA\m) 

(n\VQ\n)(m\VQ\m) 
= (m\eA\n)(n\eA\m) 

(n\Q\n) (m\Q\m) ' 

the same result as before! Here we have used the fact 
that V = 00 _1 commutes with H, whence the states 
|n) are simultaneous eigenstates of H and V (if there 



IV. ILLUSTRATIVE EXAMPLES 

A. Non-uniqueness of the metric 

The existence of a metric for a given non-Hermitian 
yet quasi-Hermitian Hamiltonian has been demonstrated 
in numerous example o 10 i 16 ' 17 i 18 ' 19 i 20 ' 21 , and ways of con- 
structing it have been gi ven iLI£iI2i22i2ii22i2iL. An impor- 
tant aspect that has already been emphasised iniS and 
in the two previous sections seems to have been of lesser 
concern for some of the authors quoted. It is the fact 
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that there are many possible metric operators that en- 
sure (H|), usually a whole continuum. In other words, 
there are many ways of finding a Hermitian Hamilto- 
nian hs, each associated with a different metric, i.e. each 
invoking a different Hilbert space. The physical impli- 
cations are discussed in the following section. Here we 
focus upon some formal issues. 

A simple example 2 ^ may demonstrate the essential 
points. Consider the toy Hamiltonian 

H = cj(a i a+-)+aa 2 +/3(J 2 (8) 

with a the usual boson operators. For a ^ j3 the Hamilto- 
nian is manifestly non-Hermitian. The spectrum is given 
by E n = (n + l/2)fi with Q = \J uj 2 — 4a(3 which is real 
for Lo 2 > 4a(3. For real fl a continuum of choices can be 
found for the metric and can be parametrised by the real 
parameter z G [—1,1] yielding 

h s(z) = n{b\b z + l -)= l -{Mz) P 2 + v{z)x 2 ). (9) 

with [i(z)v{z) — ft 2 identically in z. The metric by which 
this is achieved is given hy 2 ^ 

_ / a + - ujz + (a - (3) sf\ - z 2 \ 
" \a + (3-ujz- {a- z 2 ) 

( 10 ) 

up to a constant. Being faced with a continuous vari- 
ety of Hilbert spaces 7i z the obvious question is now for 
Hermitian operators other than H (recall that H is Her- 
mitian in TL Z for any z). The answer is readily given by 
(fTU)l and will, of course, depend on z. In fact, seeking the 
operator O such that 

B(z)0 = O t e(z) 

there is only the combination O(z) = p 2 (l — z)+uj 2 x 2 (1 + 
z) fulfilling this requirement. Note that neither the mo- 
mentum nor the position operator remains Hermitian ex- 
cept if z = — 1 or z = 1, respectively; for z = we identify 
the number operator a^a ~ p 2 +uj 2 x 2 as being Hermitian. 

This example nicely demonstrates the point made ir>i£: 
the metric can be defined uniquely if operators in addi- 
tion to H are required to be quasi-Hermitian. In general 
the additional operators have to form an irreducible set 
together with H, in the example above there is just one 
more, namely O(z). 

While the expressions © and (flT)|) are valid only if 
il is real, there are further restrictions from the require- 
ment that be bounded and strictly positive. Yet the 
numerator or denominator of (|10|) vanishes for 

_ (a + /3)l> ±(a- 0)SI 
Z± Lo 2 + (a-P) 2 ' [ ' 

respectively. For z between z_ and z + the metric is ill 
defined and hs is not the Hermitian equivalent of H. 
These singularities are spurious, i.e. they are not intrinsic 



to the problem and can be removed^. In the example 
given the substitution of z by — z achieves this goal but at 
the expense of trading in spurious singularities elsewhere. 
The conclusion is that a metric that is globally free of 
singularities cannot be founds. 

There are other more serious types of singularities as 
they are intrinsic to the problem and cannot be removed. 
They always render the metric undefined. These are the 
exceptional points (EP) 24 i 25 ' 26 occurring - in the exam- 
ple - for n = 0, the point where levels coalesce and the 
spectrum becomes non-real. We return to these singu- 
larities in the following section; they are claimed to have 
physical consequences in the context of "PT-symmetric 
Hamiltonians. 



B. Brachistochronous behaviour 

The study of quasi-Hermitian operators received a 
strong boost when it was realised that Hamiltonians that 
are symmetric under VT can have a real spectrum, while 
not being necessarily Hermitian^. The question as to 
physical implications of this more general viewpoint of 
a formulation of quantum mechanics, however, remains 
open. 

I n 11 ! 27 ' 28 2 x 2 quasi-Hermitian matrix Hamiltoni- 
ans are considered, in particular the PT-symmetric 
Hamiltonianii 

H - (f ' (12) 

with r,s,6 real. It has the eigenvalues E± = rcos8 ± 
V ' s 2 — r 2 sin 2 and the unnormalised eigenvectors 

i£-)=(~ e f a ) i£+>=( e r) ( ia ) 

where a is defined by sin a = r/s x sin#. 
This example nicely demonstrates 

(a) some uniform features of a PT-symmetric Hamil- 
tonian; 

(b) spontaneous symmetry breaking at an EP, includ- 
ing all properties inherent to an EP. 

(a) The spectrum is real when |s| > |rsin#|, for this 
parameter range the auxiliary parameter a is real, a € 
(— 7r/2, 7r/2), and the two eigenfunctions are themselves 
eigenfunctions of the VT operator. The metric can be 
chosen as 

&=(. 1 ~ %s i na ) (w) 

being Hermitian and positive in the range a £ 
(— 7r/2, 7r/2). (The general form for O is introduced be- 
low, but this choice already enables us to make some 
salient points.) We mention that the Hamiltonian (TT2|) 
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when transformed by the similarity transformation S 
O 1 / 2 assumes the form 



h = SHS- 1 



r cos 



9 V ' s 2 — r 2 sin 2 9 



V 



— r 2 sin 2 i 



r cos 9 



which is manifestly Hermitian. Note that this choice of 
the metric implies that a y is quasi-Hermitian, i.e. an ob- 
servable, but not the a z , as is implied inii. 
(b) When s = ±rsin9, that is when a — ±7r/2, the 
eigenvalues coalesce and we encounter all the properties 
of an EP. That is 

(i) H cannot be diagonalised, its Jordan form is 



H = 



r cos ( 



(ii) the eigenvalues are connected by a square root 
branch point, 

(iii) the eigenvectors become aligned and assume both 
the form 



and they cannot be normalised as their norm van- 
ishes, and 

(iv) the metric is no longer positive-definite. 

Beyond that point, when \s\ < |rsin^|, the eigenvalues 
are complex, the eigenvectors are no longer eigenstates 
of the VT operator as a is complex. 

In particular in view of the alignment of the eigenvec- 
tors, meaning physically that there is - at the singularity 
- just one state, one cannot speak of a transition. In 
other words, the concept of a "transition time" becomes 
meaningless. 



where 



/(r,M,7) 



sin 7 + ir/s sin 9\/ s 2 cos 2 7 — r 2 sh 
sin 7 + ir/ssin9 



and / denotes the complex conjugate. Of course, it is 
/(r, s, 9, 0) = V ' s 2 — r 2 sin 2 9 and the eigenvalues of (fT7|) 



are still given by those of (fT2| . This generalisation sim- 
ply confirms that there is (i) a continuum of choices 
for a metric, and (ii) spurious singularities can occur 
depending on the choice of the metric. In fact, when 

sin 7 = ± yl — sin 2 a the metric ceases to be positive- 
definite. When (|16p is invalidated, S = 1 / 2 can no 
longer be Hermitian, as a consequence (fT7| is not Her- 
mitian either. Yet a different choice for 7 can remove 
that deficiency. Note, however, even when 7 is chosen to 
be zero, the EP (sina = ±1), where the levels and the 
eigenfunctions coalesce, is intrinsic to the problem: this 
singularity persists. 

Here we mention that, while for sin a = 1 the Hamil- 
tonian (|12|) cannot be diagonalised, its hermitised "coun- 
terpart" is diagonal and has a genuine degeneracy. How- 
ever, the two operators are no longer similarly equivalent 
since S^ 1 = 9 -1 / 2 does not even exist. 

Concerning the question of observables, the general 
form for the metric clearly shows that a z can never be 
an observable for (|12p . In fact, for this to hold, the con- 
dition <da z = a z Q had to be obeyed. As 9 has the gen- 
eral form 9 = 1 + sin 7(7^ + sin aa y this can only be for 
a = 7 = reducing the problem trivially to (|12p being 
Hermitian. By the same reasoning, in general, only the 
combination sin 7 a x + sin a a y is an observable within 
the allowed range of the parameters. Using the appro- 
priate metric 9, not only are the expectation values of 
a z complex in general but the probability interpretation 
becomes inconsistent. In short, under the regime of (|12p 
(with a ^ 0) a z is not an observable. Rather, the z- 
component of spin must be described by S z = S a z S. 



C. A generalisation 



D. Classical limit 



For the sake of completeness we give here the general 
form of the metric obeying |T]) for the Hamiltonian (fT2)l . 
If sin a < 1 we may choose 



9 



1 



sin 7 — 1 sin a 



sin 7 + i sin a 1 



(15) 



using the additional free parameter 7 which must obey 
the constraint 



sin 2 7 + sin 2 a < 1 



(16) 



to ensure that 9 is positive-definite. The Hermitian 
Hamiltonian generated by S = 9 1 / 2 reads now 

k - SHS -{f(r,s,9,l) rcos9 ) ^ 



We stress that even the classical limit of a non- 
Hermitian PT-symmetric Hamiltonian can depend on 
the metric chosen 2 ^. In fact, the classical limit of is 
obvious and so is the classical expression for the energy. 
The z-dependence of the mass term persists and we ob- 
tain -Edass = A 2 n 2 / (2/i(z)) with A being the amplitude 
of the classical oscillation. 



V. SUMMARY 

Virtually all problems and questions raised in the 
present paper become self-evident or obsolete if tradi- 
tional quantum mechanics is being adhered to. Yet, re- 
cent developments considering quasi-Hermitian Hamilto- 
nians, in particular in the context of 'PT-symmetry, jus- 
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tify in principle a possible formal extension of the theo- 
retical framework. However, the consequences (and pos- 
sible pitfalls) need to be scrutinised afresh. This is the 
subject of the present paper. 

While there seems to be agreement in the literature 
that consideration of quasi-Hermitian Hamiltonians can- 
not a priori be excluded on logical or physical grounds, 
the non-trivial (non-unity) metric that comes with it to 
guarantee a consistent framework is not unique. To be 
precise, only when the choice is made of an irreducible 
set of operators A{ satisfying QA i = Al<d is the metric 
6 fixed. 

The examples discussed above illustrate the general 
points already made in Sects. [II] and [Till (i) once a quasi- 
Hermitian Hamiltonian is given, there is some restriction 
from the start about which traditional observable can (or 
should) be chosen to remain invariant under (j4|) , and (ii) 
the set Ai can be a combination of traditional observ- 
ables implying one or more continuous parameters. In 
fact, a z cannot be chosen for the Hamiltonian (fT!?|) , and 
only (1 — z)p 2 + (1 + z)x 2 is a possible choice for ([S]). 
These results have rather stringent consequences. As- 
suming a physical setting can be modelled by (fP2]l . the 
z-component of the spin cannot be described a z ; it must 
in fact be described by S z = S~ 1 a z S. Similarly, the as- 
sociated orthogonal states describing "spin up" and "spin 
down" , must be the eigenstates of E z . Furthermore, cer- 
tain quantities of physical interest, such as probabilities 
and transition amplitudes, will in general depend on the 
continuous parameter, that is on 7 for (| 1 2[) and on z for 
([5]). Once the choice (or construction) of an irreducible 
set of observables has been completed, physical quanti- 
ties will be fixed, but, as discussed in Sect. IIIII some of 
them will depend on the metric implied by that choice 
(or construction). 

In addition, in contrast to traditionally Hermitian 
Hamiltonians, singularities can and generically will oc- 
cur as part of the real spectrum. The EPs signal usually 
the points in parameter space where (i) the metric be- 



comes singular, and where (ii) the spectrum ceases to 
be real. These points of coalescence of spectrum and 
eigenfunctions can, because of their specific singular na- 
ture, lead to misinterpretations. The conclusions drawn 
in the literature about the Hamiltonian (fl"2)) are doubtful 
for two reasons. Firstly, the approach of the EP, where 
the eigenspace of (|12[) is no longer two-dimensional, re- 
quires particularly cautious analysis. In fact, while it 
is true that at a distance from the EP, there is a two- 
dimensional bi-orthogonal eigensystem, the normalised 
vectors tend to infinity and become aligned when the 
limit is attained. To translate this into "transition time 
going toward zero" means deviating from quantum me- 
chanical interpretation where only transitions between 
strictly orthogonal and normalisable states can be con- 
sidered unambiguously 14 . Moreover, since <r z is no valid 
observable, the spin flip claimed to be the indicator of a 
"brachistochronous" transition cannot be observed. This 
apparently counter-intuitive statement - after all, can't 
we always measure a spin projection? - needs explana- 
tion: yes, we can, but not in terms of o~ z when a system 
should evolve under the regime of a Hamiltonian as given 
by (fH?)) . An analysis concerning the z-component of spin 
should be carried out in terms of S z = S^^-CFzS and its 
eigenstates, in which case the known Hermitian brachis- 
tochrone result is again obtained 1 ^. 

We feel that the efforts to go beyond the framework 
of traditional quantum mechanics has certainly further 
enhanced our understanding of it. However, as long as 
no guidance from some experiments is at hand, the am- 
biguities presented here cannot be removed. The non- 
uniqueness of the metric and the physical significance of 
its singularities require guidance by an actual physical 
situation. We only mention that inconsistencies persist 
when attempts are made to consider switching from one 
metric to another, such as by a time-dependent metric^. 
Such attempts imply changing the underlying Hilbcrt 
spaces, hence any result can be construed. 
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